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1 International Mathematical Olympiad- IMO

Generalization 1.1
Let a1, 9, -+ ,xp,r be positive reals (n > 3) such that [[z; = A. Then prove

that
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Proof.

Generalization 1 creates way too many similar problems with original IMO
2005 3 problem. For instance

By giving r = n — 1 under same conditions, we get a new problem

Generalization 1.0

Let x1,xo, - ,x, be positive reals (n > 3) such that [Jx; = A\. Then prove
that
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Application on IMO 2005 Problem 3



x,9y, z be three positive reals such that xyz > 1. Prove that
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Proof.
The problem is a special case of Generalization 1.1 where

Generalization 2
Let a, b, c, p, A be positive reals. Then prove that
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Proof.

Application on IMO 2001 Problem 2
Prove that for all positive real numbers a, b, ¢
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Proof.
The original problem is a special case of Generalization 2 where

p=1A=8



Generalization 3
Let a,b,c,d be reals (a > b>¢>d > 0) such that « >0 >8> X >0 and

6A>a+ 5> 20

inequalities hold. Then prove that

(Aa + Bb 4+ Oc + ad) a®bPccd? < A

Proof.

Application on IMO 2020 Problem 2
The real numbers a, b, c,d are such thata >b>c>d>0anda+b+c+d=1.
Prove that

(a+2b+ 3¢+ 4d)ab’ccd? < 1

Proof.
The problem is a special case of Generalization 3 where

A=1,8=2,0=3a=4

and the given inequality
6> a+ > 20

holds.

Generalization 4.1
Let a,b,c,n be positive reals (n > 3) such that abc = k. Then prove that
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Proof.

Generalization 4.2
Let ai,as, - ,an,,n,p be positive reals (n > 2 p
Then prove that

Y

1) such that [Ja; = 1.
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Proof.

Generalization 4.3
Let a1, a9, - ,an,n,p, k be positive reals (n > 2 p > 1) such that [Ja; = k.
Then prove that
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Proof.

Application on IMO 1995 Problem 2
Let a, b, c be positive reals such that abc = 1. Then prove that
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Proof.
The problem is a special case of Generalization 4.1 where

n=2k=1

And also a special case of Generalization 3 where

n=3,p:1,k=1,x1:1,x2:1

Generalization 5

Let 1,22, ...,22p+1 be pairwise different positive real numbers such that
an = @W+ﬁ+~~+ﬁ)—i+ +-+ =
" te L xk

is an integer for n =1,2,--- ,2p 4+ 1. Then prove that

a2p+1 Z xlil_k +p (1 + 2 4\/ (xn—lxn)y_k>

holds.
Proof.

Application on IMO 2023 Problem 4
Let x1, 2o, ..., T29023 be pairwise different positive real numbers such that
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is an integer for every n =1,2,...,2023. Prove that agp23 > 3034.

Proof.



The problem is a special case of Generalization 5 where

y=1k=1,p=1011

Generalization 6
Let a,b, ¢, A be positive reals (A < 1) such that abc = 1. Then prove that

(aA+2) <b/\+2) (c)\+2> gA\/AH<‘”iA+(ﬁ1)2>

Proof.

Application on IMO 2000 Problem 2
Let a, b, ¢c be positive real numbers so that abc = 1. Prove that

Proof.
The problem is a special case of Generalization 6 where

A=1

with a finishing , /] 41,
Ve

Generalization 7
x,y, 2, A reels (X # 0) each different from v/A2 hold xyz = A2. Then prove that

Z(m_x\yA—Q)QZ/\Q—FQW(l—\[\) <Z€/a;7+l>

cyc cyc



Proof.

Application on IMO 2008 Problem 2
(a) Prove that

for all real numbers z, y, z, each different from 1, and satisfying xyz = 1.

Proof.
The problem is a special case of Generalization 7 where

A=1
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Generalization 8
Let a,b, ¢, 0, A be positive reals such that ab+ bc + ca = 5 and

B30+ \3) =3°""

equalities hold. Then prove that
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Application on IMO Shortlist 2004 Problem A.5
Let a, b, ¢ be positive reals such that ab + bc + ca = 1. Then prove that

2/1 21 5/1 1
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Proof.
The problem is a special version of Generalization 8 where

B=1,0=1,A=6,n=3

with the condition hold.

Generalization 9
Let a1,as,- - ,a_g, A be positive reals (1 < z+1 < 2P) such that min (a;a;) >
1. Then prove that

2P _ 4 2 \ < chcal 2 A
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Proof.

Application on IMO Shortlist 2016 Problem A.1
Let a, b, ¢ be positive real numbers such that min(ab, be, ca) > 1. Prove that

2
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Proof.



The problem is a special case of Generalization 9 where

Generalization 10.1 )

1
; 4 o= A(a+b+c). Then prove

1
Let a,b,c be positive reals such that — +

a
that
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Proof.

Generalization 10.2

1 1 1
Let a, b, ¢ be positive reals such that — + 3 +-—=0(a+ b+ ¢). Then prove that
a c

1 . 1 . 1 _ 30
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Proof.

Application on IMO Shortlist 2009 Problem A.2

1 1 1
Let a, b, ¢ be positive real numbers such that — + 7 + — =a+b+c. Prove that
a c

1 1 1
(2a+b+c)? + (a+2b+c)? + (a4 b+ 2c)?
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Proof.



By giving

3
in Generalization 10.2 leads us to the maximum value 6

Generalization 11.1

Let a1,aq,--- ,a, be positive reals such that > ajaj41---aj—2 < n[]a1.
cyc—j

Then prove that

a2+a2
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Proof.

Generalization 11.2

Let a1,aq,--- ,a, be positive reals such that > aja;11---a;j—2 < 0]]a1.
cyc—j

Then prove that
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Proof.

Application on IMO Shortlist 2009 Problem A.4
Let a, b, ¢ be positive real numbers such that ab + bc + ca < 3abe. Prove that

a2+b2 b2+c2 02+a2
3<V2 b+ Vb
\/a+b +\/b+c e <V2(Vatb+vhtc+veta)
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Proof.
This problem is a special case of Generalization 11.2 where

n=3,0=3

Generalization 12
Let a1, asg,- - ,agp be positive reals (p > 2) such that

(a1 +az+--+ag_1)(az+as+---+ag) = V(alaii e azp—1)2+ f/(aza4 e a2p)2
holds. Then prove that
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Proof.

Application on IMO Shortlist 2020 Problem A.3
a,b, ¢, d are positive real numbers satisfying (a + ¢) (b + d) = ac + bd. Find the
smallest possible value of

Proof.
The problem is a special case or Generalization 12 where

p=2

which gives us the minimum value 8.

11



Generalization 13
Let ay,az,- - ,a, be positive reals such that [[a; =1 and

Yoy

a;
cyc cyc—j i+l

expressions hold. Then prove that

2
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Proof.

Application on IMO Shortlist 2008 A.5
Let a, b, ¢, d be positive reals satysfying abed = 1 and

a b ¢ d
a+b+c+d< -+-+-+-
b ¢ d a

expressions. Then prove that

b ¢ d a
atbtetd< —+-+—+-
a b ¢ d

Proof.
The problem is a special case of Generalization 13 where

n=2

Generalization 14
Let a, b, ¢ be positive reals such that abc = k. Then prove that

12



> (ab)" <1
k(ab)" + a2nt3 4+ p2nt3 — k

cyc

Proof.
Application on IMO Shortlist 1996 Problem A.1
Suppose that a, b, c > 0 such that abc = 1. Prove that

ab n be n ca <1
ab+a®+b>  be+bW+cS  cat+cd+ad T

Proof.

The problem is a special case of Generalization 14 where

n=1k=1
Generalization 15
X0y L1y -y Ty A, 01 positive reals (n > 1) holds 0 = zp < 21 < @2 < +++ < Xy,
Additionally 61,05, --- , 0, is a nondecreasing arithmetic sequence. Then prove

that for a reals satisfying the following

1 —x0+x2 -z Ty — Tyl 2x1 (A + 61 — 02) 2x;

1 1 1 A—60) A+ 6 " AN+60,_1+06;
o >a<< 1><+1>+Z+1+>

i=2
we have
< 2(A+ 61 —62)

)\2

|| Proof.
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Application on IMO Shortlist 2016 Problem A.8

Findthelargestrealconstantasuchthat foralln > 1 and for all real numbers zq, z1, - - -

satisfying 0 = z¢p < 1 < x2 < -+ < x,, we have

1 1 1 2 3 n+1
+ ot ———>a =+ =4+

1 — X9 T2 — X1 Tpn — Tp—1 r1 T2 Tn

Proof.
The problem is a special case of Generalization 15 where

01=1,00—g1=1,1=3

with a maximum 9

3 International Mathematical Olympiad- IMO
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Generalization 16
Let aq, a9, - -, ay be positive real numbers greater than with order Aj, Ag, -+ ; Ay,

and Y1, :ri =n — 1. Then prove that
K2

n
Zml Z Z.I‘j — )\j
\l cyc j=1

Proof.

Application on IMO Longlist 1992 Problem 21
Prove that if x,y,2z > 1 and % + % + % = 2, then

Vitytz>Ve—1+y—1+vz-1.

14
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Proof.
The problem is a special case of Generalization 15 where

n:3,)\1:)\2:)\3:1

4 Asia Pasific Mathematical Olympiad- APMO

Generalization 17.1
Let a1, a2, ,a, (n > 2) be positive reals. Then prove that

[[@+2) > 3712 (Zm)

cyc

Proof.

Generalization 17.2
Let a1,as, -+ ,an,k (n > 2) be positive reals. Then prove that

n 3n 224
[ (ef +%) = =7 <Za1>
i=1 cyc

Proof.

Application on APMO 2004 Problem 5
Prove that the inequality

15



(a*+2) (b*+2) (¢ +2) >9(ab+bc+ ca)

holds for all positive reals a, b, c.

Proof.
By Generalization 16.1 and 16.2, we know that

LHSES(ZM) > 9 (ab + be + ca)

cyc
which completes the proof.
We can say that Generalization 16.2 proves the stronger inequality of APMO
2004 5.

Generalization 18
Let a, b, c positive reals. Then prove that

(abc)" P

+ 2+

(+5) (o) 02)s (=

Proof.

Application on APMO 1998 Problem 3
Let a, b, ¢ be positive reals. Then prove that

(o) (12 0D =2+ 5)

Proof.

16



The problem is a special case of Generalization 17 where

A=1Lk=1p=1

Generalization 19
Let z,y, z be positive reals. Then prove that

(R R VAN A i
>

> "t + (y2)” 2.3k 2 2
e \ N Aa"(y+z)) YA
Proof.

Application on APMO 2007 Problem 4
Let x;y and z be positive real numbers such that /x + ,/y + /z = 1. Prove
that

x2—|—yz n y2+zw 22+xy > 1
V222(y+2) 202z +2) 222z +y)

Proof.
The problem is a special case of Generalization 18 where

dn=3A=8r=lp=1Lk=1

cyc

with a minimum 1.

5 Balkan Mathematical Olympiad

Generalization 20
Let ay,as,-- - ,as, be positive reals (n > 1). Then prove that

17



( 1 ) 3n
> 2
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cyc

Proof.

Application on Balkan MO 2006 Problem 1
Let a, b, c be positive real numbers. Prove the inequality

1 n 1 n 1 S 3
a(b+1) b(c+1) cla+1) = 1+abe

Proof.
The problem is a special case of Generalization 19 where

n=1

Generalization 21
Let ay,as,- - ,a, be positive reals (n > 3). Then prove that

a
[T (a2) == (ar1 = ap—1)
kol >0

e ak + apt1

Proof.

Application on Balkan MO 2010 Problem 1
Let a, b, c be positive real numbers. Prove that

2 . 2 _ 2 _
a*b(b C)erC(C a)+ca(a b)z()
a+b b+c c+a
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Proof.
The problem is a special version of Generalization 20 where

n=3

Generalization 22
For aj,as, - ,a,,k € RT such that

p
SNy ay)
a;

i=1

Prove the following

a?f-i-l n+an+1 n_i__”_‘_an-ﬁ-lan_i_an-‘rl n (n+1)(al+a2+"'+ap)_

Determine the equality case.

Proof.

By homogenising k£ with the given expression

Za”“ ay > (n+1)(a1 +as+---+ap) —kn

cyc

=D aittay+ (Z;>z<n+1><a1+az+-~+ap>

cyc cyc
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n

1 1 1 /=
n+1 _n
——E alay +—+ —+-+ — > E n+1)ay = (n+1)(a1+as+- - +an,
— 1 2 as as as cyc( )1 ( )( 17762 )

AM—-GM

Equality case occurs when

Proof has been completed.

Application on Balkan MO 2014 Problem 3
Let 2,y and z be positive real numbers such that zy + yz + 2z = 3zyz. Prove
that

y+y?e+ e >2x+y+z)—3

and determine when equality holds.

Proof.
This problem is a special case of Generalization 21 where n = 1 and k£ = 3.
That’s why we get

Py+yiz+ 22>+ 1D)(ar+ax+ o +ay) —kn=2+y+2)—3

6 Balkan Mathematical Olympiad Shortlist

Generalization 23.1
Let a, b, c be positive reals such that abc = k. Then prove that

20



1 1 1 1
<
k(ak+4+bk+4)+02+k(b5+c5)+a2 +k(c5+a5)+b2 T Vk+38

Proof.

Generalization 23.2

Let ay,as,: -+ ,an,n, k be positive reals such that [[a; = k. Then prove that
> : < Vi
Lk (Z?;ll a?*’““) +att T VEk+2n42

Proof.

Application on Balkan MO Shortlist 2017 Problem A.1
Let a, b, c be positive reals such that abc = 1. Then prove that

1 1 1
<1
TIPTE Bt BB R

Proof.
The problem is a special case of Generalization 22.2 where

n=3k=1

Generalization 24.1 Let ay,a9,a3,n (n > 2) be positive reels such that
ajasaz = 1. Then prove that

1 1 1 o
k k k k— k—1 k— k—
k (af + af +df) (ak+ak+ak) >3(av P ab Tt rab Tt 4 E (aharit)
1 2 3 p=1,i=k—1
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Proof.

Generalization 24.2
Let aj,as,- - ,an,n, k be positive reels (n,k > 2) such that [[a; = 1. Then
prove that

k<za§> (Zl>> e Y (i)

cyc cyc cyc p=1,i=k—1

Proof.

Application on Balkan MO Shortlist 2018 Problem A.4
Let a, b, c be positive real numbers such that abc = 1 Prove that

1 1
+> >3(a+b+c+ab+bc+ ca)

1
ﬂﬁ+w2+£)(2+b2 =

a

Proof.
The problem is a special case of Generalization 23.2 where

n=2k=3

Generalization 25.1

1 1
Let a,b,c, .0, 3, ¢, p positive reals such that — + —
a

1
b—l—E:Sand

46 =3(A+0+2)

expressions hold. Then prove that

22



0b Oc fa
\/)\a+c+\//\b—|—a+\/)\c+b - ¢(a+b+c)fp

Proof.

Generalization 25.2

1 1 1
Let a,b,c, .0, 3, ¢, p positive reals such that — + 5 + - = a and
a c

2pB+3(0+2)  206— A
9 - «

expressions hold. Then prove that

0b Oc fa
A — b+ — A —
\/a+c+\/ +a+\/c+b<¢(a+b+0)_p
B - V2

Proof.

Application on Balkan MO Shortlist Problem A.2
1 1 1

Let a, b, ¢ be positive reals such that — + 7 + — = 3. Then prove that
a c

oL Y A
c a b<a+b+c—1

3 B V2

Proof.
The problem is a special version of Generalization 25.2 where the given equation
holds and

a=3,8=3,6=10=1 =1p=1

23
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Generalization 26
Let ay,a9,- - ,a2r+1 be positive reals. Then prove that

2k+1

Z 1 (2k +1)3
. = 2
= On (An—2k+1 + Gnskt2 + - +an) o (chc ak)

Proof.
Let us form the sum into cyclic inequality

1
>
Za2k(a1+02+"'+a2k) -

cyc

1
=8= <Z azk (a1 +a2+...+a2k)> <Za1> <Z(a1 +a2+...+a2k)>

cyc cyc cyc

>p<Za1> (Z(a1+a2+'~-+a2k)>

cyc cyc

Let us work with left hand side

i)

) AM-GM ;
=
> 2k+1). 2!
(Za2k(a1+a2+“'+a2k)> z ) \/(Hal)(Ha1+a2+--~+a2k)

cyc

24



i)

AM—-GM
(Z a1> ’/Z\ (2]{} + 1). 2k+\1/ H al

cyc

i)

AM—-GM
=~
<Z(a1—|—a2+---+a2k)> > (2/<:+1).Zk*\l/Ha1+a2+---+a2k

cyc

Then

g2 e M#((Hal) Torer—ray) (o) (T +oas o)

= (2k+1)°

52(2k+1)32p<za1> <Z(a1+a2+-~-+a2k)>

cyc cyc

Sp< (2k +1)3 7 (2k +1)3 o (2k+1)3

T (Saen) (Saelmrtaa+ o ram)  (Soea) 26 (Shem) ok (chca1>2
Lastly

Z 1 S (2k+1)3
agi(ar +ag+ - +ag) — 2
cyc Zk( 1 2 2k) Qk (chc a1>

Proof completed.

Application on JBMO 2002 Problem 4

25



Prove that for all positive real numbers a, b, ¢ the following inequality takes place

1 n 1 n 1 N 27
bla+b) cb+c) alc+a) = 2(a+b+c)?

Proof.
Substituting £ = 1 in Generalization 1, we get as desired.

3
1 1 N R Y 27

b(a—i—b)—i_c(b—l—c)+a(c—i—a)_2]{:(Z ak)Q 2(a+b+c)?

Generalization 27.1
Let a, b be positive reals and A be integer (A > 1) such that ab > 1. Then prove
that

<a+)\b+ai1> <b+)\a+bil) > (()\+1)())\\+2)—4>2

Proof.

Generalization 27.2
Let a,b, k be positive reals and A be integer (A > 1) such that ab > k. Then
prove that

Proof.

Generalization 27.3
Let a,b, k be positive reals and A, ¢ be integers (A, ¢ > 1) such that ab > k.

26



Then prove that

+k

A A 2 2 [ A24x(¢p+2)-2 2
- - _ (A24+A(¢p—1)-1)
(qba—l—)\b—i—a )<¢b+)\a+b k)z()\ +A(p+2) 2) ( VEk )

Proof.

Application on JBMO 2013 Problem 3
Show that

2 2
a+2b+ —— b+2a+ ——| >16
a+1 b+1

for all positive real numbers a and b such that ab > 1

Proof.
The problem is a special case of Generalization 23.3 where

=1 A=2k=1

Generalization 28.1
Let x1,22,---,n (n > 2) be nonnegative reals (Each not equal to 0). Then
prove that

Z (n— 1).%% —(n—2)x1 + Z2§i§n Ti >

2 -
s 1+ Y ocicn T

and determine when does the equality holds?

Proof.

Generalization 28.2

27



Let 1,9, -+ ,n,p, k (n > 2) be nonnegative reals (Not all equal to 0). Then
prove that

Z (n—1af — (n - 2)xf + Da<i<n g

k D
e 7 + Z2§i§n T

and determine when does the equality holds?

Proof.

Application on JBMO 2023 Problem 2
Prove that for all non-negative real numbers z,y, z, not all equal to 0, the fol-
lowing inequality holds

202 —x4+y+z 2P +rx—y+z 2224+x+y—=z
T+ y? + 22 2 4y + 22 2 +y?+ 2

Determine all the triples (x,y, z) for which the equality holds.

Proof.
The problem is a special case of Generalization 24.2 where

Generalization 29

Prove that for A € | 2, 13—}—72321

) reals, the (a, b) positive integer pairs which

holds the inequality

Xab < a®—b* < (A+1)ab
are

28



e [ (-2 (A —2)°
27(3b+ A —2) 18 (3b+ A — 2)
for b between below is

o= (B1272)

Proof.

This generalization creates different problems with different criterions. For
example, our original JBMO 2022 Problem 1 has one solution without equal-
ity however by giving A\ = 14 we get a new problem with an equality case
(a,b) = (8,4).

Version 29.1
Find all pairs of positive integer (a,b) that satysfies the inequality

1dab < a® — b < 15ab

Proof.

Application on JBMO 2022 Problem 1
Find all pairs of positive integers (a,b) such that

11lab < a® — b% < 12ab

Proof.
By Generalization 25 we can say that there is one solution which is

(‘9’“;_21)) — (5,2)

29



because of there is just one b inside of the given values 2. Adapting Generaliza-
tion 25 to the problem is left to the reader.

Generalization 30
For positive real numbers a1, as, -+ ,a, (n > 2) with [JTa; = (n —2)" . Then
prove that

Z<a1+na_22)2 Zn<2a1+1>

cyc cyc

Proof.

>

2
) 1 2
w2 (Sager Mo ) A9 (52 0y 4 0)
> (s S
2

cyc

n n

n

(Zaear + ni > (Z ay + 1)

cyc

Let us prove the last expression

By denoting chc a1 =k

(k+n)?>n?(k+1)
k% + 2nk +n? > n’k +n® — k* 4+ 2nk > n’k
k+ 2n > n?

Last inequality is true because of

k:Zal Zn{‘/Hal:n?/(n—?)”:n(n—2)

cyc

30



Problem has been completed.

Application on JBMO 2014 Problem 3
For positive real numbers a, b, ¢ with abc = 1 prove that

2 2 2
1 1 1
(a+b> +(b+c) +(c+a) >3(a+b+c+1)

Proof.
Placing n = 3 in Generalization 2, we get the following.

<a+11)>2+ (b+i)2+ <c+i>2 >n<Za1+1) =3(a+b+c+1)

cyc

Problem has been solved.

8 Junior Balkan Mathematical Olympiad Short-
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Generalization 31
Let x, 4, z be positive reals such that xy + yz + zx = p. Then prove that

oy sen VI (8 (VI V) (4 ¢+

y+z z+zx x4y 2.3 1 (z 4y + )"

Proof.

Application on JBMO 2022 Shortlist Problem A.2
Let z,y, and z be positive real numbers such that zy 4+ yz + zx = 3. Prove that

31



2
m+3+y+3 z+3+3>27.(\/5+\/§+\/5)

y+z z4+z x4y - (x+y+2)3

Proof.
The problem is a special case of Generalization 29 where

Generalization 32
Let a, b, ¢, p, k be positive reals such that a + b+ ¢ = 1. Then prove that

x| OF i P wjaP  3(ab+bec+ca) 22 —2p—1
A — A= A= < 1
AT tey s s k L

Proof.

Application on JBMO Shortlist 2022 Problem A.3
Let a,b, and ¢ be positive real numbers such that a + b 4+ ¢ = 1. Prove the
following inequality

b 2
a\3/7+b\3/g+ci/ggab+bc+ca+
a b c 3

Proof.
The problem is a special case of Generalization 30 where

Generalization 33

32



1
Let aq,as,- - ,a, be positive reals (n > 3) such that chc ap > chc —. Then
ai

prove that
[Mar | e Ilm
Q410 ApGk—1 Ap4+10k42
ol <1
a
cyc—k ar (chcal)
Proof.

Application on JBMO Shortlist 2022 Problem A.4
Suppose that a, b, and ¢ are positive real numbers such that

1 1 1
at+b+c>—+ -+ -
a b ¢
Find the largest possible value of the expression
a+b—c b+c—a c+a—>

ad+ b3 +abc  b3+c3+abe A4 ad+abe

Proof.
The problem is a special version of Generalization 31 where

n=3
with the maximum 1.
9 ELMO Shortlist
Generalization 34 )
Let aj,as, -+ ,a, be positive reals such that >~ — = 1. Then prove that

e qq

33



e (Zcﬁ“) w3 (L)

cyc j=1

Proof.

Application on ELMO Shortlist 2019 Problem A.1

1 1 1
Let a, b, c be positive reals such that — + 3 + — = 1. Then prove that
a c

a®be + bca + cCab > 27ab + 27bc + 27ca

Proof.
The problem is a special case of Generalization 32 where

n=23

10 Centroamerican Mathematical Olympiad

Generalization 35
Let a, b, ¢ be positive reals such that a + b+ ¢ = 1. Then prove that

k
av/pa? + kbe + by/pb? + kac + e\/pc? + kab < Y]

Proof.
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Application on Centroamerican 2019 Problem 5
Let a, b, ¢ be positive reals such that a + b+ ¢ = 1. Then prove that

3V2
av/a? + 6bc + by/b2 + 6ac + c\/c? + 6ab < Tf
Proof.
The problem is a special version of Generalization 33 where
p=1k=6
11 Turkey Team Selection Test
Generalization 36.1
Let x,y, 2z, A\, a1, b1 be positive reals. Then prove that
by1+1) b 1 b b b
/\(xy—&—yz—i—xz)—i—m( 1+ )+ 1 (a1 + )+a1—|— 1 > 3¢/ Naib; a1 + 01 +aib;
bix ary aibiz a1by
Proof.
Generalization 36.2
Let x1, 22, - ,Zn, A, a1,a2, -+ ,a,—1 be positive reals (n > 3). Then prove that

n—1 1 1 n—1 1
n—1 aj (1 + Zp:l (a ) - ) k=1 <) n—1
P aj Ak n/ 1
+ >nqy/A I | ay <1 + E )

35



Proof.

Application on Turkey TST 2022 Problem 7
Let z,y, z be positive reals. Then find minimum value of

1 2 5
TY+ Yz +2zr+ -+ -+ -
x Yy z

Proof.
The problem is a special version of Generalization 34.2 where
1 1
=3, =1a =2, ==
n ; , A1 3 » V1 2

with minimum 3+/36

Generalization 37.1
Let a,b,c,k € R™ and k > 1 such that a + b+ ¢ = 3. Then prove the following

a*b 4+ bFe+ Fa+ 3k > (k + 1)(ab 4+ be + ca)

Proof.

ab+ e+ Fa+ 3k = a*b+bFe+ Fa+ k(a+b+c)

=a*b+ (k—1)b+bc+ (k—1e+cFa+ (k—1a+ (a+b+c)

k—1 k—1 k—1
k [ N k /_/ﬁ k /_/%
=a"b+b+---+b+bc+c+---+ct+cata+---+a+(a+b+c)

36



AM—-GM
=~
> k(ab+bc+ca)+ (a+b+c) > (k+1)(ab+ be+ ca)

Because of a + b+ ¢ = 3, we can mention a +b+c¢ = 3 > ab + bc + ca
which completes the problem.

Generalization 37.2
Let a,b,c,d,k € R* and k > 1 such that a + b+ ¢+ d = 4. Then prove the
following

afb+brc+ cFd + dba + 4k > (k4 1)(ab+ be + cd + da)

Proof.
By homogenousity

a*b+bF e+cFd+dFat-4k > (k41)(ab+bet-cd+da) = a®b+-bF e+ d+d* a+k(atb+c+d)

k—1
—~
:Z a*b+b+b+---+b| +a+b+c+d

cyc

AM—GM
~ =
>  k(ab+bc+cd+da)+a+b+c+d>(k+1)(ab+ be+ cd + da)

—a+b+c+d>ab+bec+cd+da

Last expression can be shown like this

AM—-GM

~~ 2
abtbetedrda o latbtetd?

1 =a+b+c+d

37



Problem has been finished.

Application on Turkey TST 2017 Problem 5
For all positive real numbers a, b, c with a + b + ¢ = 3, show that

a®b+b3c+ Ba+ 9> 4(ab+ be + ca)

Proof.
By placing k£ = 3 in Generalization 3.2, we get

a*b+b3c+cPa+9> (k+ 1)(ab+ be + ca) = 4(ab + be + ca)

Which completes the proof.

Generalization 38 k41
Let a, b, ¢ positive reals and k > 1 such that a + b+ c = i Then prove the

2k
following

1 1 1 1

>
kab 1 (k)& + (kt e kbet (kt D2+ (k+ D kea+ (k+ D82 + (k + 1)b — k(ab+ be + ca)

Proof.

Z k(ab+ be + ca) I
pv kab+ (k+ 1)+ (k+1)ec —

k(ab + bc + ca) ab
kab+ (k+1)c2+ (k+1)e — ab+be+ ca

If the below inequality works, problem will be finished.
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k(ab+bctca)? = ka?b*+ kb2 +kc?a®4-2kabe(a+b+c) > ka’b*+(k+1)abc? +(k-+1)abce

Eb?c® 4 kc*a® 4 2kabe(a + b + ¢) > (k + 1) (abc® + abe)

k+1
Because of a + b+ c = %, we get

kb2 +kc?a?4+-2kabe(atbtc) > kb 2 +kc?a® 4 (k+1)(a+b+c) > (k+1)(abc®+abe)

AM—-GM
~ =
— kb2 + kc*a® "> 2kabc? > (k +1)(abc?)

2k>k+1

This is true cause k > 1.

Application on Turkey TST 2007 Problem 3
Let a, b, c be positive reals such that their sum is 1. Prove that

1 1 1 1
> .
ab+2c2+2c+ bc+2a2+2a+ ac+2b24+2b — ab+ bc+ ac

Proof.
By giving £ = 1 in Generalization 4, we get the following

1 1 1 1 1

> =
ab + 2¢2 +2¢:+bc+2a2 +2a+ac+2b2 +2b 7 k(ab+bc+ca) ab+bc+ ca
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Which completes the problem.

Generalization 39
Let a,b,c,d, k,m,n,p be positive reals, n be positive integer with x positive
divisors(d; < dg < -+ < d;). Then prove that

(d0® + db + dn + dpl) (do1—p0° + das - + dpir 4+ dogrmd?®)
(a+b)%(c+d)? -

Proof.
The arrangement of positive divisors is important because of

didgr1-5=mn

Rearrange inside of paranthesis by making these pairs.

(dra® + dmb? + dnc® + dpd?) (dpg1-£C? + doy1-md* + dyi1-nb? + dpy1-pa?)

(a+b)2(c+d)2
Cauch
A~ (Vi gae + /A ionbd £ \/ddoi b + /dyai1—pda)”
= (a+b)2(c+ d)2

(va(ac+bd + be +ad))’  n(a+b)2(c+d)?

(a+b)(c+d)?  (a+b?(c+d)?

Application on Turkey TST 2023 Problem 6
Let a, b, ¢, d be positive real numbers. What is the minimum value of

(@ + b% + 2¢ + 3d?)(2a” + 3b2 + 6¢* + 6d2)
(a +b)2(c+d)?

40



Proof.
This problem is a special case of Generalization 5 in case of n = 6.

(a? + b% + 2¢2 + 3d?)(2a? + 3b% + 6¢* + 6d2)

(a+b)2%(c+d)? zn=6

Generalization 40.1
Let a, b, ¢ be reals such that 0 < z,y, z < p. Then find the minimum value of

ryz(z +y +2) + (vy +yz + 22)(p° — ay2)

zyz\/p? — 2YZ2

Proof. (Lokman Gokge)

zyz(z +y + 2) + (zy + yz + zz)(p® — zyz r+y+=z 1.1 1
yzlr+y+2)+(eyt+y )" —wyz) _ x+y R N/ e

Tyz\/p® — Y2 B Vp? —zyz Yy oz

We should prove that there exist positive reals for the expression’s minimum

value so that the equality case occurs. (Unless, the proof will be incompleted.)
rt+ty+z
Vp? — zyz

This can be done by searching for x values in case of = y = z and

1 1 1
(; + -+ ;)\/p?’ — zyz.

Y

3z _ 3y/pd—a?
N Er A

>3 4+22-pP =0

If we define P(z) = 23 + 22 — p3, then because of P(0) = —p?®, P(p) = p?
we can mention by Intermediate Value Theorem for continuous functions, there
exists a root of P(z) =0 in between (0,p) . Proof has been completed.
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Generalization 40.2
Let a1, a9, -, a, positive reels and 0 < ay,as, - ,a, < p . Then prove that

[Tax (chcal) + (X a1az). (p" = [T a1) -
[Tarvp" = [Tas =

Proof.

Application on Turkey TST 2020 Problem 8
Let x,y, z be real numbers such that 0 < z,y,2z < 1. Find the minimum value
of

2y2(@+y+2) + (oY + yz + z0)(1 — 2y2)

zyz/1 — xyz

Proof.
The problem is a special case of Generalization 38.2 where

n=3p=1

with minimum 6.

12 Turkey EGMO Team Selection Test

Generalization 41
Let a, b, c be positive reals such that abc=1,a+ b+ c=p and

(Aab + 0a + 0b — 0p + ) (Abc + b+ 0c — Op + B) (Aca + Oc+ 0a — Op + 5) > 0

expressions hold. Then prove that
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a' b ¢ 26

1 1 1>p@+vﬁ+wﬂ+ 20 __5+¢??@X2
b c™ 20 B+ /B2 + 46\

Proof.

Application on Turkey EGMO TST 2019 Problem 2
Let a, b, ¢ be positive reals such that abc =1, a + b+ c =5 and

(ab+2a+2b—9) (be+2b+2c—9)(ca+2c+2a—9) >0

Find the minimum value of

Proof.
The problem is a special version of Generalization 39 where

A=18=1,0=2,p=5

with minimum 5

Generalization 42
Let 1,22, -+ ,Zn, k be positive reals (k > 1) such that >, .z > > 7.
Then prove that

$+1

cyc

43



Proof.

k—1 AM—-GM
i p | ——— A~
et +2k—1=af{+1+14---+14+k > kzx+k=k(z+1)

k
xi +2k—1 k(z1+1) 1
> :k —_—
Z 341 *Z(a:ﬁl)(a:? 1+ 1) ZacQ 41

cyc cyc L cye 71 o

Titu

which finishes the problem.

Application on Turkey EGMO TST 2014 Problem 4
Let z,y, z be positive reals such that 22 +y? + 22 < x4+ y+ 2. Then prove that

224+3 y2+3 2243
- - >6
3+1 0 Y3+l B4+l

Proof.
The problem is a special version of Generalization 40 where

n=3k=2

13 Turkey Mathematical Olympiad 2nd Round

Generalization 43
Let x1,x9,- -+ ,xaps+1 be positive reals (k > 1). Then prove that

44



2 (Zx1> <Z;>— (2:5) f:xi >20V/24+1+4(k—1)

cyc cyc j=2 J

Proof.

Application on Turkey 2nd Round 2020 Problem 3
If x,y, z are positive real numbers find the minimum value of

2\/(m+y+Z) <i+;+i>—\/(1+z) (1+g)

Proof.
This problem is a special case of Generalization 41 where

k=1

14 Japan Mathematical Olympiad Finals

Generalization 44
Find the maximum value of real number k such that

a b c

3+ 3t 2
A=1+4+9%c+k(b—c)® A—14+9%a+k(c—a)” A—149ab+k(a—10)
holds for all nonnegative reals a, b, ¢ satysfing a + b+ c = 1.

Proof.

45
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Application on Japan MO Finals 2014 Problem 5
Find the maximum value of real number & such that

a

b c

14+ 9bc+ k(b —c¢)? + 1+ 9ca + k(c — a)? + 1+ 9ab+ k(a —b)?

1
>
-2

holds for all non-negative real numbers a, b, ¢ satisfying a +b+ ¢ = 1.

Proof.

By Generalization 42 we know that the k (k = 4 given in the proof) holds for

this problem too where

A=2

which directly changes the minimum value depending on A

Generalization 45

Let (z1);, (21)y,
als such that

and

hold. Then prove that

Proof.

(@), (X2)y 5 (T2)g, o (T2), 0o , (zn),, be positive re-
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Application on Japan MO Finals 2006 Problem 5
For any positive real numbers x1, =2, =3, Y1, Y2, Y3, 21, 22, 23, find the max-
imum value of real number A such that if

M=(3+ad+as+ D)4y s +1)(23 + 25 + 25 +1)
and

N = A(.Z‘l + vy + 21)(1‘2 + Y2 + 2’2)(.1‘3 + Y3 + 2’3)

then M > N always holds.

Proof.

3
By Generalization 43 one can find maximum value of A is 1

Generalization 46.1
Let a1,as2,- -+ ,a, be positive reals (n > 3) such that >
that

eye @i = A. Then prove

AA+n-—1

cyc—j

Proof.

Generalization 46.2
Let aj,as,- - ,an,p be positive reals (n > 3) such that >
that

eye @ = A. Then prove

AA+p—1
Zaje)‘—'—aJJrl_aJ 12 allhs b

cyc—j
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Proof.

Application on Japan MO Finals 2010 Problem 4
Let a, b, ¢ be positive real numbers such that a + b+ ¢ = 1. Prove the following
inequality

avV1l+b—c+bd1T+c—a+c/1+a—-0b<1

Proof.
The problem is a special case of Generalization 44.2 where

Generalization 47
Let x1, 22, , T, be positive reals (n > 3). Then prove that

z; (chc (z1) — xz) + A -
(chc (x1) — 2 + \5\)2 -

n
=1

Proof.

Application on Japan MO Finals 2010 Problem 4
Let z,y, z be positive reals. Then prove that

l4+yz+z2x 1+zzx+ay 1+;Ey+yz>1
(I+z+y)? (A+y+2)° (Q+z+z)” "
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Proof.
The problem is a special version of Generalization 45 where

n=3A=1

Generalization 48
Let a, b, c, k be positive reals such that a + b+ c = X ise

)\k+a+)\k+b+)\k+c
A—a A—0b A—c¢

b
+3k -3 < (k+1) (a+g+z>

Proof.

Application on Japan MO Final 2004 Problem 4
Let a, b, ¢ be positive reals such that a + b+ ¢ = 1. Then prove that

<2 —+-+-
l—-a 1—-b 1—¢— a+b+c

l1+a 1+b 1+c¢ (b c a)

Proof.
Problem is a special case of Generalization 46 where

A=1k=1

15 Iran Mathematical Olympiad 3rd Round

Generalization 49
Let aj,as,- - ,a, be positive reals (n > 3) such that chc araz = A. Then
prove that

49



a:
cyc—j J
j+n—3 a -
k a;
2. Z ——— | t ;20,1
k=j Hal Hal
Ag—10kAk+1
Proof.

Application on Iran 3rd Round 2018 Problem A.1
For positive real numbers a, b, ¢ such that ab + ac 4+ bc = 1 prove that

[T

cyc

+ ————) > 8abc
2a+\/%)_

Proof.
The problem is a special case of Generalization 47 where

n=3A=1

Generalization 50
Let a1, as, a3, as be positive reals such that a + b+ ¢+ d = p. Then prove that

Z /\aiaiH /\p2 k

<
L kB kEA T (k- f)+ 4
T YT TR
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Proof.

Application on Iran 3rd Round 2021 Problem A.1
Positive real numbers a, b, c and d are given such that a + b+ ¢+ d = 4 prove
that

ab n be L cd n da <4
T R S ST R S ST S S S
3 3 3 3 3 3 3 3

Proof.
Problem is a special version of Generalization 48 where

k=3, A=13=1p=4

16 China Team Selection Test

Generalization 51.1
Let x, 4y, z be positive reals such that x 4+ y + z = Axyz. Then prove that

3p+1 2 (3\/§)p+1
Z(l‘ + ()\yz—l)) ZW

cyc

Proof.

Generalization 51.2
Let 1,22, -+, Zn, A, p,n be positive reals (n > 3) such that > ., .z1 = A[[z1.
Then prove that

o1



(n—1) "Vnnl+D)

Y]

e ()

cyc

Proof.

Application on China TST 2003 Problem 3.1
Let x,y, z be positive reals such that z +y + z = zyz. Find the minimum value
of the following expression

o (yz = 1) +y" (2w = 1) + 27 (wy — 1)

Proof.
The problem is a special case of Generalization 49.2 where

n=3p=2x=1

17 Romania Team Selection Test

Generalization 52
(n,k € RT) xq, 29, 23, 34 positive reals with sum A. Then prove that

3PP

P,
S© (@it yEG < __
—
' y 2k
1<i< <4 22p. \/(21§i<j§4 xixj)

Proof.
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Application on Romania TST 2019 Problem 5.1
Determine the largest value the expression

Z (l‘i+$j)1/.’£il'j

1<i<j<4

may achieve, as x1, 22, x3, x4 run through the non-negative real numbers, and
add up to 1. Find also the specific values of this numbers that make the above
sum achieve the asked maximum.

Proof.

The problem is a speacial version of Generalization 50 where
n=4p=1k=2

with equality case if and only if

A

T1=Tg=+++ =Ty = —
n

18 USA Team Selection Test

Let us see that the generalizations of IMO 1995 2 is same with USA TST 2010 2.

Generalization 53.1
Let ai,as, - ,an,n,p be positive reals (n > 2 ,p > 1) such that [Ja; = 1.
Then prove that

1 n

2 a T\ | = @ +22)”
cyce a?p'H (a:l. Lig 1) ! 2

2.
ai1ln ai1az

Proof.
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Generalization 53.2
Let a1, az2, - ,an,n,p, k be positive reals (n > 2 ,p > 1) such that [[a; = k.
Then prove that

o+l T
) >

p - p
ewe | a2+ (xl.flal o TIG1> (71 + 22)

aia, “aras

Proof.

Application on USA TST 2010 Problem 2
Let a, b, c be positive reals such that abc = 1. Then prove that

W =

a®(b+ c)? * b5(c+ a)? * cS(a+b)?

Proof..
The problem is a special case of Generalization 3 where

19 USA Mathematical Olympiad

Generalization 54
Let a1,as9, - ,a, be positive reals. Then prove that

((k + 1)ay + kag + kas)? n
< — 41
Z(k—f—l)a%—kk(az—kag)z _6k+k+1+

cyc

o4



Proof.

Inequality is homogenous. WLOG assume that chc a; = 1.
> ((k+Day +k(az +as + -+ +an))* 3 (a1 +k)? = (a1 + k)°
£ (k+Dai+k(az+as+-+an)? L (k+1)af +k(1—a1)? 4= (2k+1)a] —2a1k +k
2
dark+ 2 g F

:Z 1 + 2k +1 2k+1 | _ g
p” 2k +1 (2k + 1)a? — 2a1k + k

By making some changes on denominator.

AM—-GM
k2 k2 ~=~ k2 k2

2k+1)a?—2a1k+k = (2k+1)a’—2a1 k k— > 2a1k—2a1k+k— =k—
(2k+1)a;—2a1k+ (2k+1)a;—2a; +2k+1+ T a; a1k+ 1 h 1

20,1]43 k2 k

sy |- P TS S
T 2k +1 R
2% + 1
2k nk
__n . 2k(Xeye 1) + m(zcyc a1) + nk* — 2k + 1
2k +1 k2
2k +1
okt 2N gz K ME=n) otk
n_ 2k + 1 2k+1 __ "  2k+1
2k + 1 G 2%k + 1 LW
2% + 1 2% + 1
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2—n

oon 2k+1+2+nk_ n +2nkz—l—nk;—71—&-41{7—#4:
2k +1 k+1 C2k+1 k+1
2k +1
n n(2k* +k — 1) n n(2k —1)(k+1)
%+l k+1 T2+ S R

= i nEk-1)+

4
%+ 1 *

2k +1

Problem has been solved.

Application on USAMO 2003 Problem 5
Let a, b, c be positive reals. Then prove that

(2a + b+ c)? (2b+c+a)? (2c+a+b)? <8
202+ (b+¢)?2 202+ (c+a)2 22+ (a+b)? —

Proof.
By substituting £ = 1 in Generalization 6, we get

2 2 2 2 2 2
(2a+b+c) (2b+c+a) (2c+a+0) <6kt 1—38
262+ (b+¢)? 202+ (c+a)? 224 (a+1D)? k+1

Generalization 55
Let ay,as2, -+ ,ap+1 be positive reals and p be a nonnegative integer. Then
prove that

H (a**' —aP +p+1) > (Za1>1’

cyc

Proof.
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Application on USAMO 2004 Problem 5
Let a,b,c > 0. Prove that

(a®—a®+3) (B° =" +3) (= +3) > (a +b+c¢)’

Proof.
The problem is a special case of Generalization 53 where

p=2

20 Korea Mathematical Olympiad Finals

Generalization 56
Let z,y, z be positive reals such that x 4+ y + z = 1. Then prove that

20 smre o0 (06244 3)
M A+0)(x+y)(y+2) (2 +2) (

Z x 1:—1—
VO + Az

cyc

Proof.

Application on Korea MO Final 2014 Problem 1
Let x, 4, z be positive reals such that x + y + z = 1. Then prove that

2
(14 2y 4+ yz + zz) (1 + 32% + 3y* + 32%) Zx Vr+1
9(x+y)(y+2)(z+2) V3 + 922

cyc

o7



Proof.
The problem is a special version of Generalization 54 where

A=9.0=3

21 Belarus Team Selection Test

Generalization 57
For z,y,z € RY such that x + y + 2z = 2k prove that

B2 1 /a2 2,2 24 2
Z(m )>(x y Lyt 2 a:)

Y 4\ z+y y+z z+x

cyc

Proof.
Let us multiply both sides by 2.

((x—z/k)2+(y—zk)2)+((y—zk)2+(Z—xk)2>+<(z—xk)2+(x—yk)2)

Bergstorm

~~ (v +y — 2k)? 22 1 2 + 92
> —_ = > —
B Z y+z Czy;y+z_2 Z T4y

cyc cyc

—)ZZZZij_2ZZZZZZZ—’_ZQ:ZZ_y:OZO

cyc cyc cyc

Application on Belarus TST 2017 Problem 4.2
Given that z, y, z are positive real numbers satisfying = 4+ y + z = 2, prove the
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inequality

z—1)? —1)2  (z—=1)21 (22 + 4> 2422 22422
o1 o oL (PR s St
Y z T 4\ x4y y+z z+x

Proof.
Replacing £ = 1 in Generalization 8, we get

z—1)2 —1)2 z—1)2 1 (22 + 42 2422 224 o2
e = Y L T
Y z T 4\ z+y y+z z4+x

Problem has been completed.

22 Macedonia National Olympiad

Generalization 58

Let ay,a9, -+ ,a, bereels (k> 1,n=3,4) and >__ a3 = x. Then prove that

cyc

a?”—i—k—l o nzk
ajt1+k—1"xz+nk—n

cyc

Proof.

n = 3 version was given in [5] with it’s proof. Let us show that n = 4 also
works.

Fik—1 kT 1k_1 p k
a” + kK — a+1+1+---+ = a
e > _—
btk—1 > btk—1 = Zb+k—1
cyc cyc cyc
b d
— k(e + +— )

b+k—-1 c+k—-1 d+k—-1 a+k-1
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/;k (@+b+c+d)? - (a+b+c+d)?
= Ybtbetcdrda+ (k—1)(a+b d) = b d)?
ab+bc+cd+da+ (k—1)(a+b+c+d) w.k(k—l)(a—&-b—kc-l-d)
B atbtctd _,  Aatb+o)
a+b+c+d C atbtce+4k—4
e e |
4
__ dzk
oz 44k —4

Which completes the problem.

Application on Macedonia MO Problem 1.2
Let a, b, c be positive reals such that a + b + ¢ = 3. Then prove that

at+2 bP4+2 c3+2>3
b+2 c+2 at+2 —

Proof.
The problem is a special version of Generalization 56 where

n=3k=3
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