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Problems

. (Azerbaijan JBMO TST 2015) With the conditions a,b,c € R and a +
b+ c =1, prove that
T+2b T7+2c T+2a _ 69

>
1—|—aJr 1—|—bJr 1+c¢ — 4

. (Azerbaijan JBMO TST 2015) a,b,c € R" and a? + b? + ¢ = 48. Prove
that

a2\/203 + 16 + b2\/2¢3 + 16 + /203 + 16 < 242
. (Azerbaijan JBMO TST 2015) a,b,c € R* prove that

[(3a®+1)2+2(1+ %)2][(3192 +1)?+2(1+ %)2] (3¢ +1)2+2(1+ 2)2] > 483

. (AKMO 2015) Let a, b, ¢ be positive real numbers such that abec = 1. Prove
the following inequality:

ab n be n ca
a2+b2 b2+62 62+a2

f 9
a®+ b+ + >

. (Balkan MO 2015) If a,b and c are positive real numbers, prove that

a®b® + 38 + Bab + 3a2h3¢3 > abe (a3b3 +633 + 03a3) + a?b?c? (a3 + 03+ 03).

. (Bosnia Herzegovina TST 2015) Determine minimum value of the follow-
ing expression:

a+1 " b+1 n c+1
ala+2)  bb+2) c(c+2)

for positive real numbers such that a +b+c¢ < 3




10.

11.

12.

13.

14.

(China 2015) Let 21, 22, ..., zn, be complex numbers satisfying |z; — 1| < r
for some r € (0,1). Show that

>n?(1 —1r?).

n
PIE
i=1

(China TST 2015) Let a1, as,as, - ,a, be positive real numbers. For the
integers n > 2, prove that

n
1
o
i=1 """

3=

1
1\ 7w
n J J n
2j=1 (Hk:l ak) i (ITiZ; i) <t 1

Z?:l aj ER

Z?:l (Hi:l ak) !

(China TST 2015) Let 21, @9, - - - , , (n > 2) be a non-decreasing monotonous
sequence of positive numbers such that x1, %,--- , %= is a non-increasing
monotonous sequence .Prove that

Z?:l Li < n+ ]'
" =75
n (10, @)™ 23/n!

(Junior Balkan 2015) Let a, b, ¢ be positive real numbers such that a + b+
¢ = 3. Find the minimum value of the expression
2—-a® 2-0® 2-63

A:
a+b+c

(Romania JBMO TST 2015) Let x,y,z > 0 . Show that :

2133 y3 2,’3

Jr
23+ 22y xd 42z + 3 + 22z

3
> Z
-2

(Romania JBMO TST 2015) Let a,b,c > 0 such that a > bc? , b > ca?
and ¢ > ab? . Find the maximum value that the expression :

E = abc(a — bc?) (b — ca®)(c — ab?)
can acheive.
(Romania JBMO TST 2015) Prove that if a,b,¢ > 0 and a+b+ ¢ = 1,

then
bc+a+1 ca+b+1 ab+c+1<39

a2+ 1 b2 + 1 2+1 10

(Kazakhstan 2015 ) Prove that

! + ! + o+ ! < 1 L
—_— —_— e —_— n. — .
22 " 32 (n+1)2 2
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17.
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20.
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22.

(Moldova TST 2015) Let ¢ € (0, g) ,
1 1
_ (Y Neos2(e) (L N\sin2(o)
“= (sm(c)> b= (COS(C))

. Prove that at least one of a, b is bigger than %/2015.

(Moldova TST 2015) Let a, b, ¢ be positive real numbers such that abe = 1.
Prove the following inequality:

ab be ca

3,13, 3
b
@t +C+a2+b2+b2+02+02+a2

9
> 2
-2

(All-Russian MO 2014) Does there exist positive a € R, such that
| cosz| 4+ | cosax| > sinz + sinax
for all z € R?

(Balkan 2014) Let x,y and z be positive real numbers such that zy +yz +
xz = 3xyz. Prove that

Py +yiz+ e > 2@ +y+2) -3
and determine when equality holds.

(Baltic Way 2014) Positive real numbers a, b, ¢ satisfy %—i— % —1—% = 3. Prove
the inequality
1 + 1 + 1 < 3
Va3+b VB +e VA +a V2

(Benelux 2014) Find the smallest possible value of the expression

at+b+c n b+c+d n ct+d+a n d+a+b
d a b c

in which a, b, ¢, and d vary over the set of positive integers.

(Here | 2| denotes the biggest integer which is smaller than or equal to x.)

(Britain 2014) Prove that for n > 2 the following inequality holds:

1 1+1+ + ! >l 1—|— —|-i
n+1 3 777 2n—1 n\2 ~ 2n/)°

(Bosnia Herzegovina TST 2014) Let a,b and ¢ be distinct real numbers.
a) Determine value of

l1+ab 1+bc 1+bc 1+ca 1+ca 1-+ab
a—b b-—c b—c c—a c—a a—2>b
b) Determine value of

1—ab 1—bc 1-—bc 1—ca+1—ca 1—ab
a—b b-—c b—c c—a c—a a-—25b




23.

24.

25.

26.

27.

28.

¢) Prove the following ineqaulity

1+a2b2+1+b262 +1+62a2 >§
(a—0b)? (b—¢)? (c—a)? ~ 2

When does quality holds?

(Canada 2014) Let aj,aq,...,a, be positive real numbers whose product
is 1. Show that the sum

al a

1+aq + (1-‘1—111)

(Fan) T @Fan e Fan T T TFan( e ~(Fan)

. n__
is greater than or equal to 22—1

(CentroAmerican 2014) Let a, b, ¢ and d be real numbers such that no
two of them are equal,

a b e d_
b ¢ d a
and ac = bd. Find the maximum possible value of

4

a n b n c n d

c d a b
(China Girls Math Olympiad 2014) Let z1,xo,...,z, be real numbers,
where n > 2 is a given integer, and let |z |, |z2],..., |z,] be a permuta-
tion of 1,2,...,n. Find the maximum and minimum of

n—1

D lwin — )

i=1

(here |x] is the largest integer not greater than x).

(China Northern MO 2014) Define a positive number sequence sequence
{an} by
a1 =1,(n*>+1)a>_, = (n—1)%a>.
Prove that
1
<144/1-—.

2
n

11 1
Sttt

2
(China Northern MO 2014) Let z,y, z, w be real numbers such that = +
2y + 3z + 4w = 1. Find the minimum of

Py + 2w+ (v ty+ 2+ w)?

(China TST 2014) For any real numbers sequence {x,,} ,suppose that {y,}

is a sequence such that: y1 = 1, Ynt+1 = Tny1 — (D, zf)% (n>1). Find
1

i=
the smallest positive number A such that for any real numbers sequence
{z,} and all positive integers m ,we have

1 m m
IR
i=1 i=1
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32.

33.

34.
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(China TST 2014) Let n be a given integer which is greater than 1. Find
the greatest constant A(n) such that for any non-zero complex z1, 22, - - - , 25,
,we have

n
12 > i 1 — zl?
> 1af* 2 Am) min (s =5}

where 2,411 = 2.

(China Western MO 2014) Let x,y be positive real numbers .Find the
minimum of
[z -1 | ly—1
r+y+—m- + —
Y T

(District Olympiad 2014) Prove that for any real numbers a and b the
following inequality holds:

(a®>+1) (b*+1) +50>2(2a+1)(3b+1)

(ELMO Shortlist 2014) Given positive reals a, b, ¢, p, ¢ satisfying abc = 1
and p > q, prove that

1

1
p@f+f+w§+q<a+b

+i) >(p+q)a+b+ec).

(ELMO Shortlist 2014) Let a, b, ¢,d, e, f be positive real numbers. Given
that def + de +ef + fd = 4, show that

((a +b)de + (b + c)ef + (c+ a)fd)* > 12(abde + beef + cafd).

(ELMO Shortlist 2014) Let a,b, ¢ be positive reals such that a + b+ ¢ =
ab 4+ bc + ca. Prove that

(a+ b)ab—bc(b+C)bc—ca(c+a)ca—ab Z acababcbc.

(ELMO Shortlist 2014) Let a,b,c be positive reals with a2%14 + 52014 4
2014 1 gbc = 4. Prove that

2013 | 2013 _ p2013 | 2013 _ (2013 4 42013 _

C a

2012, 12012, 2012
> .
2013 42013 52013 2 a7 AT e

(ELMO Shortlist 2014) Let a, b, ¢ be positive reals. Prove that

a?(bc + a?) \/62(0(1 +b?) \/CZ(GZ) +c?)
> b+c.
\/ Pre NV are TV are S0t

(Korea 2014) Suppose z, y, z are positive numbers such that z+y+2z = 1.
Prove that

(1+xy+yz+zx)(1+3m3+3y3+323)> wi+zx  yJ/T+y  2/1+2
TAV3+9227 Y3+9y2 V3+922

9z +y)(y+2)(z+x)

)2.
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(France TST 2014) Let n be a positive integer and x1, 2, ..., Z, be posi-
tive reals. Show that there are numbers aq, as,...,a, € {—1,1} such that
the following holds:

2 2 2 2
a1x] + agxs + -+ apx; > (a121 + a2xa + -+ - + anxy)

(Harvard-MIT Mathematics Tournament 2014) Find the largest real num-
ber ¢ such that

101

> a}>ceM?

i=1
whenever x1,...,x191 are real numbers such that x1 +--- + x19;1 = 0 and
M is the median of z1,...,2101.

(India Regional MO 2014) Let a, b, ¢ be positive real numbers such that

1 n 1 N 1 <1
l1+a 140 14c™

Prove that (1 + a?)(1 + b?)(1 + ¢?) > 125. When does equality hold?

(India Regional MO 2014) Let 21, x2, 3 . . . 2014 be positive real numbers
such that 220114 xz; = 1. Determine Wlth proof the smallest constant K

such that
2014

Kzl—x] =1

(IMO Training Camp 2014) Let a,b be positive real numbers.Prove that
(1+a)®+ (1+b)® > 128ab(a + b)?
(Tran 2014) Let x,y, z be three non-negative real numbers such that
x? +y? + 2% = 2wy +yz + 21).
Prove that syt
VA S o
(Tran 2014) For any a, b, ¢ > 0 satisfying a + b+ ¢+ ab+ ac+ be = 3, prove

that
2<a+b+c+abc<3

(Iran TST 2014) n is a natural number. for every positive real numbers
1,22, ..., Tnt1 such that zi1ze...xn 41 = 1 prove that:

Wn 4 ...+ nyn>n V44 VT

(Iran TST 2014) if z, 3, 2 > 0 are postive real numbers such that 22+ y2 +

22 = 22y? + %22 + 2222 prove that

(2= ) = 2)(e — ) 2@ 52 + (7 — 2P + (2 — 2*)?)



47.

48.

49.

50.

51.

92.

93.

o4.

(Japan 2014) Suppose there exist 2m integers i1, 2, . . ., iy and j1, j2, - -« , Jm,
of values in {1,2,...,1000}. These integers are not necessarily distinct.
For any non-negative real numbers a1, as, . . . , a1goo satisfying aq+as+- - -+
a1p00 = 1, find the maximum positive integer m for which the following
inequality holds

1

Qi Aj, + Aiy Oy + -0+ 4,05, < m

(Japan MO Finals 2014) Find the maximum value of real number &k such

that

a b c
1+96c+k(b70)2+1+9ca+k(cfa)2+1+9ab+k(afb)

| —

222

holds for all non-negative real numbers a, b, ¢ satisfying a+b+c=1.
(Turkey JBMO TST 2014) Determine the smallest value of

(a+5)*+ (=27 +(c-9)°
for all real numbers a, b, ¢ satisfying a? 4+ b? + ¢ — ab — bc — ca = 3

(JBMO 2014) For positive real numbers a, b, ¢ with abc = 1 prove that

1\? 1\? 1\?
(a—l—b) +<b+c> +<C+a> Z3(a+b+c+1)

(Korea 2014) Let x,y, z be the real numbers that satisfies the following.

z—y)’+y—2>+z-2)?=83+¢y3+22=1
(z—y)"+ Yy
Find the minimum value of

x4+y4—|—z4

(Macedonia 2014) Let a,b, ¢ be real numbers such that a + b+ ¢ =4 and
a,b,c > 1. Prove that:

1 n 1 L 1 S 8 L 8 n 8
a—1 b—-1 ¢—1"a+b b+c c+a

(Mediterranean MO 2014) Let a1, ..., a, and by ..., b, be 2n real numbers.
Prove that there exists an integer k£ with 1 < k < n such that

n n

Slai—arl <> |bi — al,

i=1 i=1
(Mexico 2014) Let a, b, ¢ be positive reals such that a + b+ ¢ = 3. Prove:

a? b2 c?
+ + >
a+Vbe b+ <fca  c+ Vab
And determine when equality holds.

3
2



95.

56.

o7.

58.

99.

60.

(Middle European MO 2014) Determine the lowest possible value of the

expression
1 1 1 1

+ + +
a+x a+y b+zx b+y

where a, b, z, and y are positive real numbers satisfying the inequalities

1
a+x

Y]

IS
+
<
vV
N = N~ N =

%
—

(Moldova TST 2014) Let a, b € R4 such that a+b = 1. Find the minimum
value of the following expression:

E(a,b) = 3v/1 + 2a2 + 21/40 + 9b2.

(Moldova TST 2014) Consider n > 2 positive numbers 0 < 1 < xg <

2
... < x,, such that =1 + x5 +... + x,, = 1. Prove that if z,, < 3’ then there
exists a positive integer 1 < k < n such that

2
§x1+x2+...+xk<§

W =

(Moldova TST 2014) Let a, b, ¢ be positive real numbers such that abe = 1.
Determine the minimum value of

a®+5
Babd =) G5org

(Romania TST 2014) Let a be a real number in the open interval (0, 1).
Let n > 2 be a positive integer and let f,,: R — R be defined by f,(z) =

T+ %2 Show that

a(l —a)n? + 2a%n + a® an + a*
0 aPn? a2 —amra@ < Une e fla) < gy my

where there are n functions in the composition.

(Romania TST 2014) Determine the smallest real constant ¢ such that
2

n 1 k

RN ED P IS o

= j=1

k=1

for all positive integers n and all positive real numbers x1,--- , x,.



61.

62.

63.

64.

65.

66.

67.

68.

(Romania TST 2014) Let n a positive integer and let f: [0,1] — R an
increasing function. Find the value of :
2k —1
Tr —
b 2n

n
5, o 0 (
k=1
(Southeast MO 2014) Let z1,2, -+ ,x, be non-negative real numbers
such that z;x; < 4=1"=31 (1 <4,j < n). Prove that

)
xl+x2+~~~+xn<§.

(Southeast MO 2014) Let z1,x9, - ,x, be positive real numbers such
that ©1 + 22 + - -+ 2, =1 (n > 2). Prove that

n 3

Z - 3 z nzn_ 1’

i=1 Tit+1 — Tipq

here x, 11 = 1.
(Turkey JBMO TST 2014) Prove that for positive reals a,b,c such that
a+ b+ c+ abc =4,

(1+%+ca) (1+i+ab) (1+§+bc)227

holds.

(Turkey TST 2014) Prove that for all all non-negative real numbers a, b, ¢
with a? + b2 +c2 =1

Va+b+vVa+c+Vb+c > 5abe+ 2.

1 1 1
(Tuymaada MO 2014 Positive numbers a, b, ¢ satisfy — + — + 3.
a

b e
Prove the inequality
1 n 1 n 1 < 3
Vad+1 VB +1 VA +1 7 V2
(USAJMO 2014) Let a, b, ¢ be real numbers greater than or equal to 1.
Prove that

. 10a2 —5a +1 1062 = 5b+1 10c?2 —5¢c+1
min < abe.

b2 —5b+10 " 2 —5c+10" a?2 —5a+ 10

(USAMO 2014) Let a, b, ¢, d be real numbers such that b —d > 5 and all
7€ros Iy, Ta, &3, and 4 of the polynomial P(x) = 2t +ax® +bx? +cx+d
are real. Find the smallest value the product

(=] + 1) (23 + 1)(23 4+ 1)(23 + 1)

can take.



69.

70.

71.

72.

73.

74.

75.

(Uzbekistan 2014) For all z,y, z € R\{1}, such that zyz = 1, prove that
22 Y2 2
>1
12 "y Go1p T

(Vietnam 2014) Find the maximum of

.’1?3y423 y324$3 Z3$4y3

IR A L R A R e A G D[RR

where x,y, z are positive real numbers.

(Albania TST 2013) Let a, b, ¢, d be positive real numbers such that abed =
1.Find with proof that x = 3 is the minimal value for which the following
inequality holds :

. N N L. 1 1 1 1
a® b+ d" > - =+
a b ¢ d

(All-Russian MO 2014) Let a,b,c,d be positive real numbers such that
2(a+ b+ c+d) > abed. Prove that

a® +b% + 2+ d® > abed.

(Baltic Way 2013) Prove that the following inequality holds for all positive
real numbers x,y, z:

3 3 3
T z rTt+y+z
NI >ITYTE
yr+ 22 2242 a2 4y 2
(Bosnia Herzegovina TST 2013) Let x,x9,...,x, be nonnegative real

numbers of sum equal to 1. Let
Fo=a?+22+ -+ 22 —2(x120 + Tow3 + - + T,71)

. Find:
a) min F3;
b) min Fy;

¢) min F5.

(Canada 2013) Let x,y, z be real numbers that are greater than or equal
to 0 and less than or equal to %

(a) Determine the minimum possible value of
rT+Y+z—2aYy—Yyz— 2T

and determine all triples (z,y, z) for which this minimum is obtained. (b)
Determine the maximum possible value of

rT+Yy+z—xYy—Yz— 2x

and determine all triples (z,y, z) for which this maximum is obtained.

10



76. (China Girls MO 2013) For any given positive numbers aq,as, ..., ay,

7.

78.

79.

80.

81.

prove that there exist positive numbers x1, xs, . .., x, satisfying
n
Sn=
i=1
such that for any positive numbers y1,yo, ..., y, with

n
Zyi =1
i=1

the inequality

- a;T; 1 -
Z i+ Yi 5 Z::
holds.

(China 2013) Find all positive real numbers ¢ with the following property:
there exists an infinite set X of real numbers such that the inequality

max{[z — (a — d)|,ly — al, ]z — (a +d)|} > td

holds for all (not necessarily distinct) z,y, 2z € X, all real numbers a and
all positive real numbers d.

(China Northern MO 2013) If a1, a2, - - ,az2013 € [—2,2] and
ar+az+---+ a3 =0
, find the maximum of

3, 3 3
ay +ay + -+ a3

(China TST 2013) Let n and k be two integers which are greater than 1.
Let aq,as,...,a,,c1,C2,...,Cp be non-negative real numbers such that
i)ay > ay > ... > a, and a1 + as + ... + a, = 1; ii) For any integer
m € {1,2,...,n}, we have that ¢; + ¢z + ... + ¢, < mF. Find the
maximum of ca¥ + coak + ... + ¢ ak

(China TST 2013) Let n > 1 be an integer and let ag,aq,...,a, be non-
negative real numbers. Definite Sy, = Zf 0 ( )aZ for k =0, 1, ...,n. Prove
that

1 oo 4

- <= _ .

n;)sk (Zsk> 15 (50— 50)°

(China TST 2013) Let k > 2 be an integer and let a1, as, -+ , an,b1,b2, -+ , by
be non-negative real numbers. Prove that

n n—1 1n 1n n
() () (150) =

11




82.

83.

84.

85.

86.

87.

88.

89.

90.

(China Western MO 2013) Let the integer n > 2, and the real numbers
X1,Ta, -+ , Ty € [0,1].Prove that

Z krpx; < n?—l i:ka:k.
k=1

1<k<j<n

(District Olympiad 2013) Let n € N* and aq, as, ...,a, € R so a1 + as +
cotar <k, (M ke {l,2,....,n} .Prove that
1 1 1

an
Fot =<ttt
n n

ai ag
+ -1 2

1 2

(District Olympiad 2013) Let a,b € C. Prove that |az 4 bz| < 1, for every
z € C, with |z| = 1, if and only if |a| + |b] < 1.

(ELMO 2013) Let aq,aq, ..., ag be nine real numbers, not necessarily dis-
tinct, with average m. Let A denote the number of triples 1 < i < j <
k <9 for which

a; +a; +ap > 3m

. What is the minimum possible value of A?

(ELMO 2013) Let a, b, ¢ be positive reals satisfying a +b+c = V/a+ v/b+
v/e. Prove that
a®hbct > 1

(ELMO Shortlist 2013) Prove that for all positive reals a, b, ¢,

1 1 1 3
+ + >
a+3+1 b+i4+1 c+i417 Vabe+

1 .
\3/ abce +1

(ELMO Shortlist 2013) Positive reals a, b, and ¢ obey ZZISZIE; = “b+bcg'ca+1.
Prove that

TR < 14 \a—b\+|b—c|—|—|c—a|.

2

(ELMO Shortlist 2013) Let a, b, ¢ be positive reals such that a+b+¢ = 3.
Prove that

18zm+2(ab+bc+ca) > 15.

cyc

(ELMO Shortlist 2013) Let a,b, ¢ be positive reals with 2014 4 $2014 4
214 4 gbe = 4. Prove that

2013 2013 2013 2013 2013 2013
a +b —c b +c —a c +a —-b
> 2012 2012 2012

2013 2013 H2013 -

12
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92.

93.

94.

95.

96.

97.

(ELMO Shortlist 2013) Let a, b, ¢ be positive reals, and let

2013 3 —-p
2013 1 p2013 4 (2013 -
Prove that

(2P + 515) (2P + ) (P + gagores) (P + 55y5c)
H( )ZH<< )

(2P + )2 P+ P+

cyc cyc 3a+2b+c 3a+b+2c

(Federal Competition for Advanced students 2013) For a positive integer
n, let ai,asq,...,a, be nonnegative real numbers such that for all real
numbers z;1 > z9 > ... > x, > 0 with 1 + 29 + ... + x,, < 1, the

inequality
n
Zakxi <1
k=1

holds. Show that
. n?(n + 1)?
na1+(n—1)a2+...+(n—]+1)aj—|—...—|—anS%.

(Korea 2013) For a positive integer n > 2, define set T = {(i,5)|1 < i <
j < m,i|j}. For nonnegative real numbers 1, xo, - ,x, with x; + z2 +
-+ +x, =1, find the maximum value of

E il
(i,5)€T
in terms of n.

(Hong Kong 2013) Let a, b, ¢ be positive real numbers such that ab+ be+
ca = 1. Prove that

4 4 4 1
\/\23+6\/§b+\/\€§+6\/§c+\/\£§+6\/§aéabc

When does inequality hold?

(IMC 2013) Let z be a complex number with |z + 1| > 2. Prove that

‘z3+1}>1

(India Regional MO 2013) Given real numbers a, b, ¢, d,e > 1. Prove that
2 b2 2 d2 2

e
>
C*l+d71+671+a71+671_20

(Iran TST 2013) Let a,b,c be sides of a triangle such that a > b > c.
prove that:

\/a(a+b—\/%)+\/b(a+c—\/%)+\/c(b+c—\/%)za+b+c

13



98. (Macedonia JBMO TST 2013) a,b,c > 0 and abc = 1. Prove that

1 1 1
b
(Va +Vb V)t Ty 1o e 2

DN | =

99. (Turkey JBMO TST 2013) For all positive real numbers a, b, ¢ satisfying
a+ b+ c=1, prove that

a4+564+b4+504+c4+5a4>1 b_b
ala+2b)  bb+2c) clc+2a) ~ “ e

100. (Turkey JBMO TST 2013) Let a,b,c,d be real numbers greater than 1
and x,y be real numbers such that
a® + b’ = (a® +b*)° and ¢ +d¥ = 2y(cd)y/2
Prove that z < y.
101. (JBMO 2013) Show that

2 2
a+2b+ —— ) (b+2a+-—)>16
a+1 b+1

for all positive real numbers a and b such that ab > 1.

102. (Kazakhstan 2013) Find maximum value of
la? — be + 1| + |b* —ac+ 1| +|c® — ba + 1|

when a, b, ¢ are reals in [—2;2].
103. (Kazakhstan 2013) Consider the following sequence a1 = 1;a, = a[fl +

a3

5 +...+$ProvethatVn€N

aon < 2a,

104. (Korea 2013) Let a,b, ¢ > 0 such that ab+ bc + ca = 3. Prove that

(a+b)3 > 19
Z (2(a+b)(a2 +b2))5

105. (Kosovo 2013) For all real numbers a prove that
3(a* +a*+1)> (a®* +a+1)2
106. (Kosovo 2013) Which number is bigger *"v/2012! or **V/2013!?

107. (Macedonia 2013) Let a, b, ¢ be positive real numbers such that a* + b* +
c¢* = 3. Prove that

a c
a?+bt+cb at+54c2 aS+02 4+t
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108. (Mediterranean MO 2013) Let x,y, z be positive reals for which:

S w)? = 6oy

109. (Middle European MO 2013) Let a, b, ¢ be positive real numbers such that

Prove that:

pro_ L 11
atbte=—++ 5

Prove that

2a+b+c)> V7a2b+ 1+ V102c+ 1+ V/7ca + 1.
Find all triples (a, b, ¢) for which equality holds.

110. (Middle European MO 2013) Let z,y, z,w be nonzero real numbers such
that z +y # 0, z4+w # 0, and zy + zw > 0. Prove that

-1 -1
T+ z4+w 1 x  z\ 1 w

< Yy ) +52(242) +(y+)
z+w T+y 2 z x w oy

111. (Moldova TST 2013) For any positive real numbers z,y, z, prove that

z oy z_ 2ty z(z+y)  yl@+z)
y+z+x2y(y+z)+z(x+z)+x(x+y)

112. (Moldova TST 2013) Prove that for any positive real numbers a;, b;, ¢;
with i =1,2,3,

=~ w

(af+bi+ci+1) (a3+b5+c3+1) (a3 +b3+c3+1) > T (ar+bi+er ) (as+bates) (az+bstes)

113. (Moldova TST 2013) Consider real numbers x,y, z such that z,y,z > 0.
Prove that

1 1 1 5
wytyzted) | grst ey et pre)

114. (Olympic Revenge 2013) Let a,b,c¢,d to be non negative real numbers
satisfying ab + ac 4+ ad + bc + bd + cd = 6. Prove that

1 + 1 n 1 1
a?+1 b2 +1

>2
241 + d2+1~
115. (Philippines 2013) Let r and s be positive real numbers such that
(r+s—rs)(r+s+rs)=rs

. Find the minimum value of r +s—rsand r +s+rs
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116. (Poland 2013) Let k,m and n be three different positive integers. Prove

that
(- 2) (- 1) (o 1) < bmn

117. (Rioplatense 2013) Let a,b, ¢, d be real positive numbers such that
A+ +E+di=1

Prove that
(1-a)(1-=0)(1—¢)(1—d) > abed

118. (Romania 2013) To be considered the following complex and distinct
a, b, c,d. Prove that the following affirmations are equivalent:

i) For every z € C this inequality takes place :

|z —al+|z=b] > [z = c| + |z — d|

ii) Thereis t € (0,1) so that c=ta+ (1 —t)bsid= (1 —t)a+tb

119. (Romania 2013)

a)Prove that
LS
stgttgm<m
for any m € N*.

b)Let p1,pa, ..., pn be the prime numbers less than 21%°. Prove that

1 1 1
—+ — 4.+ —<10
b1 D2 DPn
120. (Romania TST 2013) Let n be a positive integer and let z1, ..., x, be
positive real numbers. Show that:
. 1 1 1 T 1 1 1
min ( 1, — + X2, -, +x,, — | < 2cos <max |xy,— + X9, ", +xn,— .
z1 n—1 Tn n+2 1 Tn—1 Tp

121. (Serbia 2013) Find the largest constant K € R with the following prop-
erty: if aq,as,as,as > 0 are numbers satisfying

a? + a? +ai > 2(a;a; + ajax + apa;)
for every 1 <i < j <k <4, then

2 2 2 2
aj +az; +a3+a; > K(alag + ajaz + ajaq4 + aza3 + asa4 + a3a4).

122. (Southeast MO 2013) Let a,b be real numbers such that the equation
2% — ax? +bx — a = 0 has three positive real roots . Find the minimum of

2a® — 3ab+ 3a
b+1
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123.

124.

125.

126.

127.

128.

(Southeast MO 2013) n > 3 is a integer. «,f,7 € (0,1). For every
ak,bk,ck > O(k = 1,2,...,n) with

n

Zk+aak<a Zk’-i-b’ b, < B, Z(k+’7)ck§7
k=1 k=1

k=1

we always have
n

> (ke + Nagbrer < A
k=1

Find the minimum of A

(Today’s Calculation of Integrals 2013) Let m, n be positive integer such
that 2 <m < n.

(1) Prove the inequality as follows.

n+1—m< 1+ 1 R 1 +1<n+1—m
m(n+1) ~m2  (m+1)2 (n—1)2 n2  nm-1)

(2) Prove the inequality as follows.
. 1 1

(3) Prove the inequality which is made precisely in comparison with the
inequality in (2) as follows.

29 < 1 14 1 n n 1 < 61
=7 im o il
18 — n—oo 22 n?2 ) — 36

(Tokyo University Entrance Exam 2013) Let a, b be real constants. If real
numbers z, y satisfy z? +y? < 25, 2z +y < 5, then find the minimum
value of

2z =x? +y? — 2ax — 2by

(Turkey Junior MO 2013) Let z, y, z be real numbers satistfying z+y-+2z = 0
and 22 + y? 4+ 2?2 = 6. Find the maximum value of

[z =)y —2)(z —2)|

(Turkey 2013) Find the maximum value of M for which for all positive
real numbers a, b, c we have

a® 4+ b + ¢ — 3abe > M (ab® + bc?® + ca® — 3abe)

(Turkey TST 2013) For all real numbers x,y, z such that —2 < z,y,z < 2
and 22 +y? + 22 + zyz = 4, determine the least real number K satisfying

z(zz +yz +y)
xy+y?+22+1 "
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129.

130.

131.

132.

133.

134.

135.

(Tuymaada 2013) Prove that if x, y, z are positive real numbers and
xyz = 1 then
23 y? 53

+ +
24+y Y +z 2+x

(Tuymaada 2013) For every positive real numbers a and b prove the in-
equality

(USAMTS 2013) An infinite sequence of real numbers aq,as,as,... is
called spooky if a; = 1 and for all integers n > 1,

nap + (n—1ax + (n—2)ag + ... + 2ap_1 + a, <0,
n%a; + (n—1)%az + (n—2)%a3 + ... + 2%a,_1 + a, > 0.

Given any spooky sequence a1, as, as, - . ., prove that

2013%a; + 20123ay + 2011%a3 + - - - + 23a2012 + as013 < 12345.

(Uzbekistan 2013) Let real numbers a, b such that a > b > 0. Prove that

Va2 + 02+ Va3 + b3+ Vat + b4 < 3a+b.

(Uzbekistan 2013) Let 2 and y are real numbers such that x2y?+2yx?+1 =
0. If

Sz%—i—l—l—é—kg(g—i—?—ké)
find
(a)maxS
(b) minS.

(Albania TST 2012) Find the greatest value of the expression

1 1 1
x2—4x+9+y274y+9+22—4z+9

where z, y, z are nonnegative real numbers such that z +y + 2z = 1.

(All-Russian MO 2012) The positive real numbers a4, ...,a, and k are
such that
ay +---+a, =3k

af+~o+ai:3k2

and

al 4+ +ad >3k + k
Prove that the difference between some two of aq,...,a, is greater than
1.
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136.

137.

138.

139.

140.

141.

142.

143.

144.

(All-Russian MO 2012) Any two of the real numbers a1, as, as, a4, a; differ
by no less than 1. There exists some real number k satisfying

a1+ as + asz + ayg + a5 = 2k
ad 4 a3 + a3 + aj + a2 = 2k*

Prove that k2 > 2—35

(APMO 2012) Let n be an integer greater than or equal to 2. Prove that
if the real numbers ay, ag, - - - ,a, satisfy a? + a3 + --- + a2 = n, then
1 n
> s
— n —a;a; 2
1<i<j<n

must hold.
(Balkan 2012) Prove that

d @+ (z+2)(z+y) = 4(zy +yz + 2),

cyc
for all positive real numbers z,y and z.
(Baltic Way 2012) Let a, b, ¢ be real numbers. Prove that
1

ab+ be + ca + max{|a — b|,|b—¢|,|c—al} <1+ 3

(a+b+c).

(Bosnia Herzegovina TST 2012) Prove for all positive real numbers a, b, c,
such that a2 + b? + ¢ = 1:

a? b el 3
2 T3 T3 = Vs :
2+c¢c +a a?4+b 7 1+3

(Canada 2012) Let z,y and z be positive real numbers. Show that
2+ xy? + xyz? > doyz — 4

(CentroAmerican 2012) Let a, b, ¢ be real numbers that satisfy G%H) + bic +

ai_c =1 and ab+ bc+ ac > 0.

Show that

abe

at+btc— — >4
ab + be + ac

(China Girls Math Olympiad 2012) Let ay, as, . .., a, be non-negative real
numbers. Prove that

1 n aq n aias T ai1a9 -+ Ap_1
14+a1 (I+a1)(1+4a2) (I1+a)(1+a2)(l+asz) (I+a)(A+a2) - (1+ap) —
(China 2012) Let f(z) = (z + a)(z + b) where a,b > 0. For any reals
T1,%2,...,Ty > 0 satisfying 1 + 22 + ... 4+ z, = 1, find the maximum of
F= % min{f(z:), f(x;)}
1<i<j<n

19
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145. (China 2012) Suppose that z,y, z € [0,1]. Find the maximal value of the

expression
Vie =yl +Vly — 2l + VI — .

146. (china TST 2012) Complex numbers x;,y; satisfy |z;| = |y;| = 1 for i =

1,2,...,n. Let x = % zjlxi, Y= % z:lyi and z; = xy; + yr; — x;y;. Prove
1= i=
that

n
D lal<n
i=1

147. (China TST 2012) Given two integers m,n which are greater than 1. r,s
are two given positive real numbers such that r < s. For all a;; > 0 which
are not all zeroes,find the maximal value of the expression

;S )
it Z;:l ai;)")

148. (China TST 2012) Given an integer k > 2. Prove that there exist k
pairwise distinct positive integers ai,as,...,ar such that for any non-
negative integers by, bo,...,bg,C1,Ca, ..., ci satisfying a1 < b; < 2a;,1 =
1,2,...,k and Hk bt < Hle b;, we have

i=1"1
k k
ko <] 0
i=1 i=1

149. (Czech-Polish-Slovak MAtch 2012) Let a,b, c,d be positive real numbers
such that

w3

al=| 3=

Slw

abed = 4, A+ +E+d*=10
Find the maximum possible value of

ab + bc + ed + da

150. (ELMO Shortlist 2012) Let 21,2, 23,¥1,Y2,ys be nonzero real numbers
satisfying 1 + x9 + 23 = 0,91 + y2 + y3 = 0. Prove that

T1T2 + Y192 T2X3 + Y2U3 x3w1 + Y3y1 S 3

VEi+)@3 +3) V3@l +d) Vel re) T 2

151. (ELMO Shortlist 2012) Let a, b, ¢ be three positive real numbers such that
a<b<canda+b+c=1. Prove that

a+c b+c a+b < 3v6(b + ¢)?
Ve + 3 VP E VTR @+ )R+ ) (E+d?)

152. (ELMO Shortlist 2012) Let a, b, c > 0. Show that

(a242b¢) 20124 (52 4-2¢a) 2012 4 (24+2ab) P12 < (a2 +b2+c2)2012 4 2(ab+betca) 2012
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153.

154.

155.

156.

157.

158.

159.

160.

(ELMO Shortlist 2012) Let a, b, ¢ be distinct positive real numbers, and
let k be a positive integer greater than 3. Show that

FO—0) + Fe—a) FFa—b) |- 3k-_p @It

a**t1(b—c) + b1 (c — a) —|—ck+1(a—b)‘ - k+1

and

a**2(b —¢) + b**2(c — a) + F*2(a — b) ’ o (k+1)(k+2)
ak(b—c)+bF(c—a)+cF(a—1b) - 3k(k-1)

(a® + b* + ).

(Federal competition for advanced students 2012) Determine the maxi-
mum value of m, such that the inequality

(a® 4+ 4(b* + ) (0* + 4(a® + ) (? + 4(a®> + V%)) > m

holds for every a,b,c € R\ {0} with || 4+ |3| + || < 3. When does
equality occur?

(Korea 2012) Let x,y, z be positive real numbers. Prove that

222 + xy 292 + yz 222 + zx

(y+Vzx + 2)? * (2 + /Ty + 1)? + (z + /7 +y)? =1

(Finnish National High School Math Competition 2012) Let k,n € N,0 <
k < n. Prove that

> ()-()+ )+ ()=

(IMO 2012) Let n > 3 be an integer, and let ag, as, . . ., a, be positive real
numbers such that asas---a,, = 1. Prove that

(1+az)?*(1+a3)® - (1+a,)" >n"

India Regional MO 2012) Let a and b be positive real numbers such that
( g p
a+b=1. Prove that

a®® + abh® < 1

(India Regional MO 2012) Let a, b, ¢ be positive real numbers such that
abc(a + b+ ¢) = 3. Prove that we have

(a+b)(b+c)(c+a) > 8.

Also determine the case of equality.

(Tran TST 2012) For positive reals a, b and ¢ with ab + bc + ca = 1, show
that

\/§(\/E+x/5+ﬁ)§%+bf\/g+%

ca ab ’
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161. (JBMO 2012) Let a, b, ¢ be positive real numbers such that a +b+c = 1.
Prove that

b b 1-— 1-0 1-—
R N NG \/ a+\/ +\/ ).
b ¢ b a ¢ a a b c

When does equality hold?

162. (JBMO shortlist 2012) Let a , b , ¢ be positive real numbers such that
abc =1 . Show that :

1 1 1 (ab+ be + ca)?
<
a3—|—bc+b3+ca+c3+ab* 6

163. (JBMO shortlist 2012) Let a , b , ¢ be positive real numbers such that
a+b+c=a®>+0b%>+c? . Prove that :

a® b2 c? a+b+c
+ + >
a?+ab b2+bc c2+ca 2
164. (JBMO shortlist 2012) Find the largest positive integer n for which the

inequality

b " 5
atdbte ., vape<?
abe + 1 2

holds true for all a, b, ¢ € [0,1]. Here we make the convention vabc = abc.

165. (Macedonia JBMO TST 2012) Let a,b,c be positive real numbers and
a+ b+ c+ 2 = abc. Prove that
a b c

> 2.
b+1+c+1+a—|—1_

166. (Turkey JBMO TST 2012) Find the greatest real number M for which
a® + b + ¢* + 3abc > M(ab + be + ca)

for all non-negative real numbers a, b, ¢ satisfying a + b + ¢ = 4.

167. (Turkey JBMO TST 2012) Show that for all real numbers z,y satisfying
z+y>0
(2 +y°)° 2 32(2” + ¢*) (zy — 2z —y)

168. (Moldova JBMO TST 2012) Let 1 < a,b,¢,d,e, f,g,h,k < 9and a,b,c,d,e, f,g,h, k
are different integers, find the minimum value of the expression

E = abc + def + ghk
and prove that it is minimum.

169. (Moldova JBMO TST 2012) Let a, b, ¢ be positive real numbers, prove the
inequality:

(a+b+c)? +ab+ be+ ac > 6y/abc(a+ b+ c)
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170.

171.

172.

173.

174.

175.

176.

177.

178.

(Kazakhstan 2012) Let a, b, ¢, d > 0 for which the following conditions:
a) (a—c)(b—d)=—4
a+c a’4b%4c%4d?
b) % > ¢J1r+bic+tl
Find the minimum of expression a + ¢

(Kazakhstan 2012) For a positive reals 1, ..., z,, prove inequality:

1 I 1 < n
rp+1 7 tn+1 7 14+ "

(Korea 2012) a, b, ¢ are positive numbers such that a? +b%+c? = 2abc+ 1.
Find the maximum value of

(a — 2bc)(b — 2ca)(c — 2ab)

(Korea 2012) Let {a1,az2, - ,a10} = {1,2,---,10} . Find the maximum
value of

Z (na? —nay,)

n=1

(Kyoto University Entry Examination 2012) When real numbers x, y
moves in the constraint with 22 + zy + y? = 6. Find the range of

22y +azy® —2® —2zy — > + x4+ v.

(Kyrgyzstan 2012) Given positive real numbers a1, as, ..., a,, with a1 +as+
...+ a, = 1. Prove that

(alf_l) (%-1)...(%—1)2@2—1)”

(Macedonia 2012) If a, b, ¢, d are positive real numbers such that
abed =1 then prove that the following inequality holds

1 1 1 1
bc—|—cd+da—1+ab—|—cd—|—da—1+ab—|—bc—|—da—l+ab+bc—|—cd—1 -

When does inequality hold?

(Middle European MO 2012) Let a,b and ¢ be positive real numbers with
abc = 1. Prove that

V94 16a% 4+ /941662 + /9 + 16¢2 > 3+ 4(a+ b+ c)

(Olympic Revenge 2012) Let x1,xs, ..., x, positive real numbers. Prove
that: 1 1

>3 <>

e Ti + X 1%iTi41 g i1 (T + Tig1)
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179.

180.

181.

182.

183.

184.

185.

(Pre-Vietnam MO 2012) For a,b,¢ > 0: abc = 1 prove that
A+ 0+ +6>(a+b+c)?

(Puerto rico TST 2012) Let =,y and z be consecutive integers such that

1 1 1 1

x y z 45
Find the maximum value of

rT+y+z

(Regional competition for advanced students 2012) Prove that the inequal-
ity

a+a®—a*—a® <1
holds for all real numbers a.
(Romania 2012) Prove that if n > 2 is a natural number and z1, za, ..., 2,

are positive real numbers, then:

3 3 3 3 3 3 3 3
iy — T T5 — X8 T —x x> —x
1 2 2 3 n—1 n 1

4 + +...+ + = <
1 + X9 To + T3 Tpn—1+ Tp Ty + 21

< (z1 — x2)2 + (2 — x3)2 +.ooo (X1 — xn)2 + (xp — m1)2

(Romania 2012) Let a , b and ¢ be three complex numbers such that
a+b+c=0and |a| = |b] = |c|] =1 . Prove that:

3<|z—al+]z=b+ |z —¢| <4,
forany z€ C, |z| <1.

(Romania 2012) Let a,b € R with 0 < a < b . Prove that:

a)

b
ovab< THYTE L Wy
3 Yryz

for x,y,z € [a,b].

b)

{x—|—y+z
3

b
+ \S/Zwm,y,ze [a,0]} = [2V/ab,a +b].
(Romania TST 2012) Let k be a positive integer. Find the maximum

value of
aBk*lb_"_ bSkflc_‘_ CBk*la + kQakbkck,

where a, b, ¢ are non-negative reals such that a + b+ ¢ = 3k.
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186.

187.

188.

189.

190.

191.

192.

(Romania TST 2012) Let f,g : Z — [0,00) be two functions such that
f(n) = g(n) = 0 with the exception of finitely many integers n. Define
h:Z — ]0,00) by

h(n) = max{f(n —k)g(k) : k € Z}.
Let p and ¢ be two positive reals such that 1/p+ 1/q = 1. Prove that
1/p 1/q
> hn) = ( > f(n)p> <Z g(n)q> :
nez nez nez
(South East MO 2012) Let a, b, ¢,d be real numbers satisfying inequality
acosx +bcos2x + ccos3x +dcosdx <1
holds for any real number z. Find the maximal value of
a+b—c+d
and determine the values of a, b, ¢, d when that maximum is attained.

(South East MO 2012) Find the least natural number n, such that the
following inequality holds:

\/n—2011 B \/n—2012 _ i/n—2013 B i/n—2011
2012 2011 2011 2013

(Stanford Mathematics Tournament 2012) Compute the minimum possi-
ble value of

(m—1)2—1—(x—2)2+(x—3)2+(x—4)2+(x—5)2
For real values =

(Stanford Mathematics Tournament 2012) Find the minimum value of zy,
given that

Pyt =T

rz+zy+yz=4

and x,y, z are real numbers

(TSTST 2012) Positive real numbers z,y, z satisfy zyz + zy + yz + za =
r+y+ 2+ 1. Prove that

1 /1+x2+ 1+y2+ /14 22 c(rtytz 5/8
3 1+ 1+y 1+z )~ 3 '

(Turkey Junior MO 2012) Let a,b, ¢ be positive real numbers satisfying
a’ + b3 + ¢ = a* + b* + ¢*. Show that

a b c
aQ—&—b?’—FCB—|_¢13—|—b2—&—c3—’_a3—|—b3—|—c2 -
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193.

194.

195.

196.

197.

198.

(Turkey 2012) For all positive real numbers z,y, z, show that

r(2x—y)  y@y—z)  2(2z—1)
y2z+x)  220+y)  x(2y+2)

>1

(Turkey TST 2012) For all positive real numbers a, b, ¢ satisfying ab+ bc+
ca < 1, prove that

1 1 1
b > 8ab
a+ +c+\/§_8ac(a2+1+b2+1+02+1)

(Tuymaada 2012) Prove that for any real numbers a, b, ¢ satisfying abc = 1
the following inequality holds

1 1 1
2a2+bz+3+2b2+62—|—3+202+a2+3

1
< —.
-2
(USAJMO 2012) Let a, b, ¢ be positive real numbers. Prove that

a®+30 P +33 A+3d°
5a +b 5b+ ¢ 5¢+a

2
2 §<a2_’_b2_’_c2)
(Uzbekistan 2012) Given a, b and ¢ positive real numbers with ab+bc+ca =
1. Then prove that

ad N b3 N 3 (@a+b+c)?
1+9b2ac  1+4+9c2ab 1+ 9a2be — 18

(Vietnam TST 2012) Prove that ¢ = 10v/24 is the largest constant such
that if there exist positive numbers ay, a9, ..., a7 satisfying:

17 17 17

2 3
E a; = 24, g a73+§ a; <c
i=1 i=1 i=1

then for every ¢, j, k such that 1 <1 < j < k <17, we have that x;, z;, )
are sides of a triangle.

Solutions

http://www.artofproblemsolving.com/community/c6h1084414p4785586
http://www.artofproblemsolving.com/community/c6h1084465p4786027
http://www.artofproblemsolving.com/community/c6h1084477p4786093
http://www.artofproblemsolving.com/community/c6h1072850p4671682
http://www.artofproblemsolving.com/community/c6h1085432p4794923
http://www.artofproblemsolving.com/community/c6h1090144p4842882

http://www.artofproblemsolving.com/community/c6h618127p3685292
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.

http://www.artofproblemsolving.com/community/c6h1064458p4619006
http://www.artofproblemsolving.com/community/c6h1069572p4645451
http://www.artofproblemsolving.com/community/c6h1106919p5018814
http://www.artofproblemsolving.com/community/c6h1089033p4831839
http://www.artofproblemsolving.com/community/c6h1089041p4831861
http://www.artofproblemsolving.com/community /c6h1095599p4907181
http://www.artofproblemsolving.com/community/c6h620402p3706718
http://www.artofproblemsolving.com/community /c6h1072847p4671671
http://www.artofproblemsolving.com/community/c6h1072850p4671682
http://www.artofproblemsolving.com/community /c6h587594p3478199
http://www.artofproblemsolving.com /community /c6h588115p3481492
http://www.artofproblemsolving.com/community/c6h613430p3649217
http://www.artofproblemsolving.com/community/c6h598349p3550637
http://www.artofproblemsolving.com/community /c6h586449p3469333
http://www.artofproblemsolving.com/community /c6h588854p3486360
http://www.artofproblemsolving.com/community /c6h589037p3487565
http://www.artofproblemsolving.com /community /c6h593098p3516794
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