Problem: x,y,z> 0 real numbers satisfy the following equations:
y2+yZ+22:52, ZZ+ZX+X2:82, X2+Xy+y2:72

Calculate value ok+y+z.

Solution 1: Let's draw the followingABC triangle. By cosine theoremy?® + yz+ z* =52,
2+ 2x+x?=8% x*+xy+y?=72 By Heron, Area(ABC) =\/10[610— 50 10- 8 16- ¥

and Area(ABC) = 10V3.

Also, Area(AFC):%szinlzd, Area(BFC):%yzEﬂ;ian(?, Area(AFB):%xyEinlzﬁ.
Therefore,(xy + yz+ zx)@ =103 and

xy+yz+zx=40 ... (1)
Now, from the equationg® + yz+ z> =5%, 7%+ zx+ x> =8%, x* + xy + y? =77 we yields
2(x2 +y%+ zz) +(xy +yz+2x) =138. By (1), we get

X*+y*+2°=49 ... (2)

In the last step, we use perfect square idenfiiyt y + z)2 =X+ Yy + 22+ 2(xy + yz+ )

and (x+y+2)" =49+ 2[40= 129> x+y+z=+/ 12,



Solution 2: F is Fermat point! Most popular property of this mmpe point is
min{|PA| +|PB| +|PC[} =|FA +|FB|+|FC| =| AD|
Here,P is any point in the plane. WBC triangle, we apply cosine theorem:

2 o2 72
cos{ ACB) :% =—; andm(ACB) = 60°.

Thereforem(ACD) =12C and let’s apply cosine theorem in the trian§E&D

|AD|" =57 + 8- 2[B[B1cos120= 12=> x+y+z=|AD| =129

L. Gokce (Turkiye)



